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ABSTRACT
We consider deformations of a toroidal orbifold T 4/Z2 and an orbifold of quartic in CP
3.
In the T 4/Z2 case, we construct a family of noncommutative K3 surfaces obtained via both
complex and noncommutative deformations. We do this following the line of algebraic de-
formation done by Berenstein and Leigh for the Calabi-Yau threefold. We obtain 18 as
the dimension of the moduli space both in the noncommutative deformation as well as in
the complex deformation, matching the expectation from classical consideration. In the
quartic case, we construct a 4 × 4 matrix representation of noncommutative K3 surface in
terms of quartic variables in CP3 with a fourth root of unity. In this case, the fractiona-
tion of branes occurs at codimension two singularities due to the presence of discrete torsion.
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I. Introduction
Starting from mid eighties, there have been some works on noncommutative manifolds,
notably on noncommutative torus [1, 2]. Yang-Mills solutions on noncommutative two torus
were described as isomorphic to the commutative underlying torus by Connes and Rieffel [1]
and the case for higher dimensional tori has been dealt with Rieffel [2].
After the work of Connes, Douglas, and Schwarz [3], noncommutative space has been a
focus of recent interest among high energy physicists in relation with string/M theory. The
connections between string theory and noncommutative geometry [4] and Yang-Mills theory
on noncommutative space have been studied by many people [5]. However, much of these
works have been related with noncommutative tori, the most well-known noncommutative
manifold, or noncommutative Rn. Relevant to compactification, noncommutative tori in
particular have been the main focus [6, 7, 8]. Among higher dimensional tori, Hoffman and
Verlinde [7] first described the moduli space of noncommutative four torus in the case of the
projective flat connections from the viewpoint of physics, and more general solutions were
obtained in Ref. [8].
So far, physically more interesting noncommutative version of orbifolds or Calabi-Yau(CY)
manifolds have been seldom addressed. Until recently, only a few cases of Zn type orbifolds of
noncommutative tori have been studied [9, 10, 11]. Orbifolds of four tori by a discrete group
were studied by Konechny and Schwarz [10]. They determined the K group of them. In
Ref. [11], projective modules on these T 4θ were explicitly constructed following the methods
of Rieffel [2], then the dual structure of Z2 orbifolds of them was considered.
Recently, Berenstein, Jejjala, and Leigh[12] initiated an algebraic geometry approach to
noncommutative moduli space. Then, Berenstein and Leigh[13] discussed noncommutative
CY threefold from the viewpoint of algebraic geometry. They considered two examples:
a toroidal orbifold T 6/Z2 × Z2 and an orbifold of the quintic in CP
4, each with discrete
torsion [14, 15, 16, 17, 18]. There, they explained the fractionation of branes at singularities
from noncommutative geometric viewpoint, when discrete torsion is present. This case is
different from the fractionation of branes due to the resolution of singularities in the orbifolds
without discrete torsion. When discrete torsion is present, singularities cannot be resolved
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by blow-up process [15]. Orbifold singularities without discrete torsion can be resolved by
blow-ups. In Ref. [19] the orbifold singularities in a K3 surface were studied and it was
shown that the K3 moduli space is related with two form B-field. The sixteen fixed points of
T 4/Z2 can be blown-up to give a smooth K3 surface. And among its 22-dimensional moduli
space where two-form B-field lives, 16 components of B come from the twisted sector due to
orbifolding. Then Douglas and company [20, 21] showed that this orbifold resolution gives
rise to fractional branes.
Considering a D-brane world volume theory in the presence of discrete torsion, Douglas
[16] found that the resolution of singularities agrees with what Vafa and Witten [15] pre-
viously proposed. In this process, he found a new type of fractional branes bound to the
singularities. Berenstein and Leigh [13] sucessfully described this type of fractionation of
branes from noncommutative geometric viewpoint, in response to the issue raised by Dou-
glas [16]. Douglas pointed out that there had been no satisfactory understanding of discrete
torsion from geometric viewpoint and suggested noncommutative geometric approach as a
possible wayout.
In Ref. [13], Berenstein and Leigh first considered the T 6/Z2 × Z2 case and recovered a
large slice of the moduli space of complex structures of the CY threefold from the deformation
of the noncommutative resolution of the orbifolds via central extension of the local algebra
of holomorphic functions. Then, they considered the orbifolds of the quintic Calabi-Yau
threefolds and constructed an explicit representation of a family of the noncommutative
algebra.
Here, we apply this algebraic approach to K3 surfaces in the cases of the orbifolds T 4/Z2
and the orbifolds of the quartics in CP3. In the first example, we did in two steps. As a
preliminary step, we follow Berenstein and Leigh [13] obtaining a similar result. We deformed
E1×E2 yielding the two dimensional complex deformation of Kummer surface whose moduli
space is of dimension 2. As a main step, we construct a family of noncommutative K3
surfaces by algebraically deforming T 4/Z2 in both complex and noncommutative ways at
the same time. Our construction shows that the dimensions of moduli space for both the
complex structures and the noncommutative deformation are the same, 18. And this is the
dimension of the moduli space of the complex structures of K3 surfaces constructed with
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two elliptic curves. In the commutative K3 case, the moduli space for the K3 space itself
has been known already (see for instance [22]), and even the moduli space for the bundles on
K3 surfaces has been studied [23]. In the first example of CY threefold case [13], the three
holomorphic coordinates yi anticommute with each other to be compatible with Z2 discrete
torsion. Thus, in this case the central extension of the local algebra can be understood as
possible deformations of su(2) in the noncommutative direction for the underlying 6 torus,
but the deformations of the CY threefold were done via the newly obtained center from the
central extension by which most of the moduli space of complex deformations was obtained.
However, in our case we obtained the same dimension of the moduli spaces both in the
complex deformation and in the noncommutative deformation.
In the case of the orbifold of the quartic in CP3, we obtain the result similiar to the
quintic threefold case: We see the fractionation of branes at codimesion two singularities
instead of codimension three singularities. And this case corresponds to a generalization of
su(2) deformation.
Our main methods are noncommutative algebraic geometry after Refs. [13] and [12]. In
Refs.[13, 12], the algebra of holomorphic functions on a non-commutative algebraic space
was used instead of (pre) C∗ algebra of (smooth) continuous functions. Then the center of
the algebra is the commutative part inside the noncommutative algebra. They correspond to
two geometries: a commutative geometry on which closed strings propogate, and a noncom-
mutative version for open strings. The center of the algebra describes locally a commutative
Calabi-Yau manifold with possible singularities. Here, our approach is a little different from
theirs. We deform the invariant polynomials of the K3 surface itself, such that its center is
P1 × P1 not the classical K3 surface itself, unlike the Berenstein and Leigh’s case [13, 12].
In section II, we construct a family of noncommutative orbifolds of T 4/Z2, and obtain
the moduli space of noncommutative K3 (Kummer) surfaces. In section III, we deal with
the orbifold of quartic surfaces in CP3. Here, we construct a four dimensional representation
of a family of noncommutative algebra. In section IV, we conclude with discussion.
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II. Orbifold of the torus
In this section, we consider the orbifold of T 4/Z2. Here we will use the compact orbifold as
a target space for D-branes and consider T 4 as the product of two elliptic curves, each given
in the Weierstrass form
y2i = xi(xi − 1)(xi − ai) (1)
with a point added at infinity for i = 1, 2. The Z2 will act by yi −→ ±yi and xi −→ xi so
that the holomorphic function y1y2 is invariant under the orbifold action. This satisfies the
CY condition on the quotient space. The four fixed points of the orbifold at each torus are
located at yi = 0 and at the point of infinity. By the following change of variables, the point
at infinity is brought to a finite point:
yi −→ y
′
i =
yi
x2i
, (2)
xi −→ x
′
i =
1
xi
.
It is known that H2(Zm×Zn, U(1)) = Zd, where d is the greatest common divisor of m and
n [24, 18]. So, in this case there is no discrete torsion. In the CY threefold case, T 6/Z2×Z2
has discrete torsion, and the presence of discrete torsion requires that yi (i = 1, 2, 3) for
three elliptic curves be anti-commuting variables, where these variables can be represented
with su(2) generators.
In the T 4/Z2 case, we consider the quotient space by the invariant polynomials. They
are x1, x2 and y1y2 = t with the constraints t
2 = f1(x1)f2(x2) coming from y
2
1
= f1(x1)
and y2
2
= f2(x2). This is the singular Kummer surface doubly covering P
1 × P1 with 4
parallel lines meeting 4 parallel lines once as branch locus. These are just the locus of zeroes
of f1(x1)f2(x2), where fi is considered to be of degree 4 in P
1 instead of C including the
infinity.
In our apparoach for noncommutative K3 surface, we do in two steps. As a preliminary
step, following the line of Berenstein and Leigh [13] we deform the covering space such
that the center of the deformed algebra corresponds to the commutative K3 surface. In
this process, the complex structure of the center is also deformed as a consequence of the
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covering space deformation. As a main step, we deform the K3 (Kummer) surface itself in
the noncommutative direction.
In the first step, we consider two variables for the classical variable t = y1y2, namely t1
for y1y2 and t2 for y2y1. In the classical(commutative) case, both y1y2 and y2y1 are invariant
under the Z2 action, and they are the same. Now, we consider a variation of four torus
with y1y2 + y2y1 = 0. Then the invariant polynomials under Z2 action are generated by
x1, x2, t1 = y1y2 = −y2y1 = −t2 and they satisfy t
2
1
= t2
2
= −f1f2. Now, we deform it into
y1y2 + y2y1 = P0(x1, x2) (3)
where P0 is a polynomial of degree two for each variable [13]. Then the subalgebra generated
by invariant polynomials (x1, x2, t1, t2 = −t1 + P0) is not the center but is a commuting
subalgebra of the deformed algebra. They satisfy the condition t2i − P0ti + f1f2 = 0, which
can be rewritten as
(ti −
P0
2
)2 =
P 2
0
4
− f1f2, for i = 1, 2. (4)
Since this is a commuting subalgebra, it has a geometrical meaning. It is a K3 surface doubly
covering P1 × P1 with branch locus
P 2
0
4
− f1f2 = 0. Note that this is a polynomial of degree
four for each xi, i = 1, 2. The noncommutative deformation of E1×E2 corresponding to the
condition (3) induces a complex deformation of K3 surface corresponding to the condition
(4). Now, we count the parameters of P0(x1, x2). It has 9 parameters since it is of degree two
in each variable. But we must subtract one corresponding to multiplication by a constant and
six coming from PGL(2,C) action on both variables x1, x2. So, the number of the remaining
degrees of freedom is two. Actually, both the dimension of the Ka¨hler metric spaces in
E1×E2 and the deformation dimension of the Kummer surface coming from E1×E2 are 2.
As a main step, we now consider the noncommutative deformation of K3 surface itself.
From the previous consideration of commutative K3 surface, we may consider the case with
four variables, x1, x2, t1, t2. This is simply because that there is no apriori reason that t1 and
t2 be the same in the noncommutative case though they are the same in the classical case.
Thus we begin with four independent variables for the noncommutative T 4/Z2. However, we
do not know yet how to proceed to the noncommutative case in which all the variables are
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non-commuting each other. So, we consider a simpler case in which x1, x2 are commuting
variables and belong to the center and only t1, t2 are non-commuting variables.
To proceed in that direction, we first consider the cases of the independent complex
deformation for each ti(i = 1, 2). Let us consider the case with t1 but not with t2 in which
we deform the relation t2
1
= f1(x1)f2(x2) to any polynomial h1(x1, x2) of degree 4 in each
variable. Then, for a generic h1 it determines a smooth K3 surface doubly covering P
1× P1.
If we count the number of deformation parameters naively, we have 25 parameters since h1
is a polynomial of degree 4 in each variable. However, we must ignore 1 parameter since
multiplication by a constant defines an isomorphic K3 surface with exactly the same branch
locus. We should also consider another symmetry giving isomorphic surfaces. These are
PGL(2,C) acting both P1 independently. Thus we have to subtract 6 parameters, and we
are left with 18 parameters. This is what we expected since the moduli space of K3 surfaces
doubly covering P1 × P1 is of dimension 18. This is the classical(complex) deformation of
the original singular Kummer surface.
We can consider in the same manner with t2, by deforming t
2
2
= f1(x1)f2(x2) to any
polynomial h2(x1, x2) of degree 4 in each variable. Thus, this case also represents another
complex deformation of the Kummer surface.
When we have both t1 and t2, and h1(x1, x2) 6= h2(x1, x2), the following two cases are
seemingly possible.
[t1, t2]∓ = c(ZA) (5)
Here, c(ZA) is a function in the center of the local algebra, and “−” denotes commutator
and “+” denotes anticommutator. However, our requirement that t2i (i = 1, 2) belong to the
center, namely [t2
1
, t2
2
] = 0, allows only the anticommutator case.
Since only two variables x1, x2 are in the center of the deformed algebra, the right hand
side of (5) should be a polynomial and free of poles in each patch. Thus, (5) can be written
in the following form
t1t2 + t2t1 = P (x1, x2) (6)
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where P is a polynomial. The change of variables (2) on xi, now changes into
tj −→ t
′
j =
tj
x2i
, for j = 1 and 2, (7)
xi −→ x
′
i =
1
xi
, for i = 1 or 2,
and thus P transforms as
P (x1, x2) −→ x
4
1
P (1/x1, x2), (8)
under the transform of x1. Here, P should be of degree at most four in x1, since it has to
transform into a polynomial. In a similar manner, it is easy to see that it is of degree at
most four in x2.
Now, we have a noncommutative K3 surface defined by x1, x2, t1, t2 whose noncommuta-
tivity is characterized by the relation (6), t1t2 + t2t1 = P (x1, x2).
This is a deformation in another direction, a noncommutative deformation. Here, we
also have 25 parameters by naive counting. But, due to the same reason as in the classi-
cal(complex) deformation case described before, we have only 18 parameters.
In order to understand the above obtained moduli space of noncommutative deforma-
tions, we first need to understand the algebraic and complex structures in the commutative
case. The aspect in the commutative case can be understood by looking into (p, q) forms
preserved under the involution. In the present case, (p, q) = (0, 0), (1, 1), (2, 2), (2, 0), (0, 2)
are preserved under the involution. The dimension of preserved (p, q) forms is one except
the case of (1, 1). The dimension of preserved (1, 1) forms is four as in the four torus. The
rank of the Picard group which is the intersection of (1, 1) forms with the integral second co-
homology class of the quotient space is at least two since we constructed the four torus with
two elliptic curves. If we resolve singularities of the K3 surface, we have a two dimensional
family of K3 surfaces whose Picard rank is at least 18, since we have additional 16 coming
from 16 singular points. This corresponds to the so-called A model [15]. Since there is no
torsion we can deform the singularities, and get a family of smooth K3 surfaces of dimension
18 described as above. Each member of this family has the Picard group containing those of
the quotient spaces. This corresponds to the so-called B model [15]. Note that a K3 surface
in the family we are considering is not generic since we started at a torus which is a product
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of two elliptic curves, not a generic torus. Vafa and Witten [15] considered the classical de-
formation of a Calabi-Yau threefold doubly covering P1×P1×P1. Berenstein and Leigh [13]
considered the anticommutation of the variables yi, while xi are still commuting. Then they
considered the center generated by four variables x1, x2, x3, w = y1y2y3 with the constraints
w2 = f1(x1)f2(x2)f3(x3) corresponding to Calabi-Yau threefolds. They deformed the 6 torus
with anticommuting yi and commuting xi as yiyj+yjyi = Pij(xi, xj) giving rise to the change
of the center into another center generated by x1, x2, x3, w
′ = y1y2y3+P13y2−P23y1−P12y3
with the constraints w′2 = f1f2f3 + h(x1, x2, x3), where the function h is determined by
P12, P13, P23. Notice that here yi are not variables for Calabi-Yau threefold since they are
not invariant under the action. So, the deformation of anticommuting variables affects the
deformation of T 6 and the central Calabi-Yau threefold at the same time.
In our present case, t1 for y1y2 and t2 for y2y1 are all invariants of the K3 surface. In
the preliminary step, we deformed E1×E2 noncommutatively giving rise to the two dimen-
sional classical deformation of Kummer surfaces corresponding to the invariant polynomials
which is not the center but is a commuting subalgebra. This is in line with Ref.[13] in the
sense that noncommutative deformation of covering space yields complex deformation of the
classical space which corresponds to the center of the deformed algebra. In the main step,
we deformed the classical(commutative) space itself rather than the covering space. As a
result the center in this case does not correspond to the classical space, and the deformation
comprises both noncommutative deformation with anticommuting t1, t2 and complex defor-
mation arising from the constraints on t2i , i = 1, 2. The dimensions of the moduli spaces of
these deformations are 18 for both the noncommutative and complex deformation cases.
Our result in this section that the moduli space of the complex structures of the com-
mutative K3 surfaces and the moduli space of the noncommutative K3 surfaces have the
same dimension 18 seemingly suggests that there may be another kind of mirror symmetry
in these deformations. However, since our deformation in the noncommutative direction is
not as general as it can be, we leave this as an open question.
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III. Orbifold of the quartic
In this section we consider a noncommutative version of an orbifold of the quartic in CP3.
The complex structure moduli space of the quartic has a discrete symmetry group of Z4×Z4.
The quartic is described by
P(zj) = z
4
1
+ z4
2
+ z4
3
+ z4
4
+ λz1z2z3z4 = 0 (9)
where the zj ( j = 1, .., 4 ) are homogeneous coordinates on CP
3. The Z4 × Z4 action is
generated by phases acting on the zj as zj −→ w
ajzj , with w
4 = 1, and the vectors
~a1 = (1,−1, 0, 0)
~a2 = (1, 0,−1, 0) (10)
consistent with the CY condition
∑
4
j=1 aj = 0 mod 4. Once we choose the action such that
z4 is invariant, then we can consider a coordinate patch where z4 = 1. Here, the discrete
torsion is given by [24, 16]
H2(Z2
4
, U(1)) = Z4 (11)
so we need a phase to determine the geometry.
Within the coordinate patch, z4i and z1z2z3 are invariant. We assume the following
commutation relations among zj
z1z2 = αz2z1
z1z3 = βz3z1
z2z3 = γz3z2, (12)
and require that the above invariant quantities remain in the center of the noncommutative
quotient space. From this requirement, one can easily see that
α4 = 1, β = α−1, γ = α. (13)
Now, we consider a four-dimensional representation of this with the following matrices
P = diag(1, α, α2, α3), Q =


0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0

 (14)
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where α is a fourth root of unity. In terms of P, Q matrices, we put z1 = b1P, z2 = b2Q, and
z3 = b3P
mQn where bj are arbitrary complex numbers. The integers m,n can be determined
from the requirement that z1z2z3z4 belongs to the center of the algebra, and are given by
m = n = 3. By the use of the commutation relation PQ = αQP and of P 4 = Q4 = 1, the
defining relation of the quartic (9) now becomes
b4
1
+ b4
2
+ α2b4
3
+ αλb1b2b3 = −1. (15)
Notice that only when α = 1, (15) satisfies the same classical relation (9). When the phase
α becomes −1 which is a fourth root of unity, the zj ’s become to anticommute, (12). In this
case the algebra may be regarded as a deformation of su(2). Indeed we have
zizj = gijkz
−1
k , (16)
where gijk are totally antisymmetric scalars. Note that in su(2), we have zizj = ifijkzk =
ifijkz
−1
k , where we considered su(2) as an algebra, not as a Lie algebra. This is in line
with T 6/Z2 ×Z2 representation of the CY threefold with discrete torsion in Ref. [13] where
algebras generated by three anticommuting variables were considered as deformations of
su(2).
If we think of the trace of the representation matrices as functions on the bi space with
the defining equation above, then the representation becomes reducible only when two out of
the three zi act by zero, which shows that there are fractional branes for the codimension two
singularities. In the case of the quintic threefold, the representation becomes not reducible
on the codimension two singularities. There the representation becomes reducible on the
codimension three singularities where three out of the four zi act by zero. One may consider
the coordinate transformations to other patches. It is not difficult to show that one can
still do the standard coordinate changes of the quartic. One needs to be only careful with
orderings of variables. In every coordinate patch the algebra is of the same type as (12) as
in the quintic case.
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IV. Discussion
In the first part of this paper, we studied the deformations of orbifolds of four tori which are
products of two elliptic curves.
As a preliminary step, we followed Berenstein and Leigh [13] obtaining a similar result.
We deformed E1 × E2 yielding the two dimensional complex deformation of the Kummer
surface. This agrees with the fact that the moduli space of the Kummer surface coming from
the product of two elliptic curves is of dimension 2.
Then we deformed the singular K3 (Kummer) surface in both noncommutative and com-
plex directions. We described the noncommutative K3 surfaces with the two non-commuting
variables coming from one of the classically invariant variables. The squares of each of these
two non-commuting variables belong to the center and represent complex deformations of
the Kummer surfaces. Allowed deformations of the commutation relation for these two
variables represent the noncommutative deformations. This result is different from the non-
commutative deformation based on the Z2 orbifold of noncommutative four torus T
4
θ which
has been carried out previously [11]. Here, we obtained 18 as the dimension of the moduli
space of our noncommutative deformations. In the commutative case, the complete family
of commutative K3 surfaces is of 20 dimension inside which algebraic K3 surfaces are of 19
dimension. However, the family coming from the Z2 quotient of T
2× T 2 is of 18 dimension.
This shows that the dimension of the moduli space of our noncommtative deformations is
the same as the one we get from the classical consideration of complex deformations.
Notice that what we have done here is a little different from the work of Berenstein and
Leigh [13]. In their work they deformed the algebra of the covering space, in which the center
of the deformed algebra corresponds to the classical commutative space of its undeformed
algebra. On the other hand, we deformed the K3 surface itself rather than deforming the
algebra of the covering space. As a consequence, its center is P1 × P1 not the commutative
K3 surface.
In the second part of the paper, we dealt with the orbifolds of the quartic K3 surfaces.
In this case, we have nonvanishing discrete torsion. This turned out to be a deformation
of su(2) as in the T 6/Z2 × Z2 case of Ref. [13]. We could find fractional branes on the
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codimension two singularities rather than on the codimension three singularities as in the
case of the quintic threefolds [13]. However, the reasoning was the same as in the quintic
case.
We described almost all the complete family of K3 surfaces, but this does not fit to
the most general algebraic K3 surfaces of 19 dimensional family. One should also find the
suitable representation of the noncommutative algebra we used, so that one can find the
dual noncommutative K3 and the symmetry group. Finally, from our result of the first
part, one may speculate a kind of mirror symmetry between complex deformations and
noncommutative deformations. Here, we will leave it as an open issue.
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